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We present results from a first study of B-mesons that is based on a transverse lattice formulation of light-front 
QCD. The shape of the Isgur-Wise form factor is in very good agreement with experimental data. However, 
the calculations yield rather large values for /s and A compared to contemporary calculations based on other 
techniques. 


1. Introduction 

Parton distributions measured in deep inelastic 
scattering, as well as many other high-energy ob¬ 
servables (e.g. the deeply virtual Compton scat¬ 
tering amplitudes), are dominated by correlations 
along the light-cone = 0). This simple fact 
poses a big obstacle for non-perturbative calcu¬ 
lations of these important observables. For ex¬ 
ample, this makes direct evaluations of parton 
distributions on a Euclidean lattice, where all 
distances are space-like, impossible and calcula¬ 
tions performed in a Euclidean framework usually 
try to reconstruct parton distribution functions 
from their moments. Furthermore, in an equal 
time quantization scheme, deep inelastic struc¬ 
ture functions are described by real time response 
functions which are not only very difficult to in¬ 
terpret but also to calculate. 

Light-Front (LF) quantization seems is a 
promising tool to describe the immense wealth of 
experimental information about structure func¬ 
tions for a variety of reasons: 

• correlations along the light-cone become 
“static” observables in this approach [i.e. 
equal a;+ = {x° + a;^)/-\/2 observables] 

• structure functions are easy to evaluate 

‘This work was supported by a grant from DOE (FG03- 
95ER40965) and through Jefferson Lab by contract DE- 
AC05-84ER40150 under which the Southeastern Univer¬ 
sities Research Association (SURA) operates the Thomas 
Jefferson National Accelerator Facility. 


from the LF wavefunctions 

• structure functions are easily interpreted as 
LF momentum densities 

Further advantages of the LF formalism derive 
from the simplified vacuum structure (nontrivial 
vacuum effects can only appear in zero-mode de¬ 
grees of freedom) which provides a physical basis 
for the description of hadrons that stays close to 
intuition Hi- 


2. The Transverse Lattice 

Before one can apply the LF formalism to QCD 
one has to remove the divergences first (i.e. reg¬ 
ularize and renormalize). Then one has to cast 
bound state problems into a form that can be 
solved numerically with a reasonable effort. 

The basic idea of the transverse lattice is very 
simple: one keeps two directions (the time and 
the z-direction) continuous but discretizes the 
transverse space coordinates (Fig. |^). The met¬ 
ric is Minkowskian. Two immediate advantages 
of this construction are 

• manifest boost and translational invariance 
in the longitudinal direction — thus keeping 
parton distributions easily accessible 

• a gauge invariant cutoff for divergences as¬ 
sociated with large transverse momenta 
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Figure 1. Space time view of a transverse lattice 


Because of these features, the transverse lattice 
seems to be ideally suited for a light-cone formu¬ 
lation of QCD. 

The gauge degrees of freedom on the trans¬ 
verse lattice are described by non-compact A- 
fields in the continuous longitudinal directions 
and by compact link fields U in the transverse 
directions. The A fields are defined on the sites 
of the lattice and the Us on the links. All de¬ 
grees of freedom depend on two continuous and 
two discrete space-time variables. 

For the canonical lattice approximation of 
on the transverse lattice one needs to 
distinguish the following cases: 

1. Both/X and i/are longitudinal. Here the lat¬ 
tice representation for Gf^^G^^ is formally 
identical to the continuum representation. 

2. Both /i and v are transverse. Here the lat¬ 
tice representation is just the plaquette in¬ 
teraction, which is familiar from Euclidean 
lattice gauge theory 

3. In the mixed case, i.e. for example when 
/i is longitudinal and v is transverse, the 
lattice representation for Gf^^G^'' resem¬ 
bles the kinetic term of a gauged nonlinear 
sigma model 

^ D^U^Df^U. ( 1 ) 

The transverse lattice action was first introduced 
in Ref. ^ where it was already realized that a 


formulation with compact link-fields is not suit¬ 
able for light-cone quantization. This has led 
to the color dielectric formulation of the trans¬ 
verse lattice where ‘macroscopic’ or smeared de¬ 
grees of freedom are introduced to represent lin¬ 
earized link degrees of freedom on a coarse lattice. 
The effective action in the color dielectric for¬ 
mulation is obtained by making an ansatz which 
does not break the unbroken symmetries of the 
transverse lattice (e.g. gauge invariance, longi¬ 
tudinal boost invariance) and the coefficients in 
this ansatz are then obtained by seeking regions 
of enhanced Lorentz symmetry (e.g. where the 
static QQ potential is ‘round’ and and where light 
glueballs have a dispersion relation with the same 
transverse speed of light). In Ref. 0] such an 
ansatz which included terms up to 4^ order in 
the link fields yielded glueball masses that are 
consistent with Euclidean results. 

3. Spectrum and structure of light mesons 

We used the effective link-field interactions, 
as determined in previous pure glue calculations 
within the color-dielectric formulation of T lattice 
QCD P,|l^ . The fermion action was based on a T 
lattice generalization of Wilson fermions . In 
this formulation, there are two hopping terms for 
fermions (hopping with and without spin flip for 
the quarks), which represent also the most gen¬ 
eral hopping terms that are possible to the same 
order in the fields which are consistent with the 
residual symmetries of the T lattice. ^ 

In addition to these hopping terms, one needs 
to introduce kinetic energy terms for the quarks 
as well as a coupling of the fermions to the longi¬ 
tudinal gauge degrees of freedom A~. 

Because of gauge invariance, the quarks and T 
link fields couple to the longitudinal gauge field 
with the same strength. Since gauge coupling for 
the T link fields have already been determined in 
studies of glueball spectra as well the static QQ 
potential, this coupling is no longer a free param- 

^For a discussion of these technical difficulties, see for ex¬ 
ample Refs. |^Q|. 

®An alternative formulation, which represents a general¬ 
ization of staggered fermions to the ± lattice, has been 
described in Ref. |Q. 
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eter and the only new parameters are the coeffi¬ 
cients of the hopping terms as well as the (kinetic) 
quark masses. In the spirit of the color dielectric 
formulation, we determined these parameters by 
looking for regions in parameter space with en¬ 
hanced Lorentz symmetry. The criteria that we 
used to test the violation of Lorentz symmetry 
were 

• kj^ dependence in the dispersion relations 
of TT and p mesons: using the relation = 
apj^ between the lattice and physical _L mo¬ 
mentum, one can extract the effective _L lat¬ 
tice spacing a for each hadron individually 
by performing a Taylor series expansion of 
its numerically determined dispersion rela¬ 
tion 

‘^P'^Pn = + -hC>(kl) 

= rnl + alclp\ + 0{^\}. ( 2 ) 

The covariant dispersion relation 2p'^p~ = 
w? + Pi is satisfied if the T lattice spacing 
satisfies anC„ = 1. The non-perturbative 
renormalization condition that we used in 
this work was to demand that the respective 
lattice spacings for tt and p mesons are the 
same and also agree with T lattice spacings 
determined within the pure glue sector. 

• mass splitting within the p meson spin mul- 
tiplet 

In a first principle calculation, it would be suffi¬ 
cient to input the vriTr to set all scales in the light 
quark sector. However, since the role of chiral 
symmetry and chiral symmetry breaking is still 
not very well understood within the LF frame¬ 
work, we needed to input the chiral symmetry 
breaking scale as one phenomenological parame¬ 
ter (on top of the string tension and We did 
this by using rup as an additional input parame¬ 
ter. 

In the numerical calculations |Q we restricted 
ourselves to the Nc oo limit, which limited 
not only the number of possible terms in P^ff but 
also simplified the classification of states. For the 
numerical calculations we restricted the number 
of link fields to the minimal number which allows 








Figure 2. Dependence of the “transverse mass” 
2P^P~ of TT and p mesons with helicities 0 and 
±1 on kx for momenta along a lattice axis and 
along the diagonal respectively. 


T propagation of the entire hadron: qq on the 
same T site as well as qq separated by one link 
with a link field U connecting the two. 

Typical results for the meson dispersion rela¬ 
tions are displayed in Fig. |^. As one can read 
off from Fig. it was not possible to restore full 
rotational invariance for the p multiplet, but we 
hope that future calculations including additional 
terms in P^fj as well as higher Fock components 
can improve this situation. 

In the continuum limit the dispersion relations 
should all be parabolas with the same curvature 
at the bottom. Near kj^ = 0 this is reasonably 
well satisfied, but of course there are larger viola¬ 
tions of Lorentz invariance as the inverse momen¬ 
tum becomes comparable to the lattice spacing 
near the boundaries of the Brillouin zone. The 
level crossing is a remnant of species doubling 
since without r term species doubling manifests 
itself on the transverse lattice at the hadronic 
level by giving rise to p mesons at the boundary 
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Figure 3. Pion distribution amplitude calculated 
on the transverse lattice. For comparison, the 
asymptotic shape is shown as a dashed line. 


that are degenerate with tt mesons in the center 
of the Brillouin zone (and vice versa). 

Results for the tt distribution amplitude are 
shown in Fig. H. Although resembles 

the asymptotic distribution ipZsyi^) = 6a;(l — x), 
our numerically determined result is somewhat 
broader, but clearly does not exhibit any ‘dou¬ 
ble hump’ feature. The p meson distribution am¬ 
plitude looks similar although it is slightly more 
peaked, which reflects the weaker binding of the 
quarks in the p. 

For its normalization, i.e. for we found a 
result that is about a factor 2 larger than the ex¬ 
perimental value. This discrepancy is most likely 
caused by the Fock space truncation, since includ¬ 
ing more higher Fock components tends to de¬ 
crease the probability to And a hadron in its low¬ 
est Fock component and therefore also the nor¬ 
malization of the distribution amplitude. 


Figure 4. Heavy meson distribution amplitude in 
the heavy quark limit. The two lines show the 
range of numerical uncertainties in the extrapo¬ 
lation ^ oo. Dashed line: fit of the end¬ 
point behavior of the distribution amplitude to 
~ V^. 


For the decay constant, which also plays an im¬ 
portant role in mixing phenomenology, we find 
fs ~ 240MeP ± 20MeV, i.e. a value that is 
somewhat larger than those obtained using Eu¬ 
clidean lattice gauge theory or QCD sum rules, 
but here the discrepancy is much smaller than for 
Jtt ■ This result is consistent with our observation 
that the Fock expansion also seems to converge 
much more rapidly for B mesons. 

For phenomenological applications [p^ it is 
useful to have numerical estimates for the mo¬ 
ments (normalization: dz4>ooiz)dz = 1)^ 


dzz4>oo{z) 



1.51 ± 0.1 GeR 

1.22 ± 0.1 (GeR)-^ (3) 


4. B mesons on the T lattice 


In the limit where the b quark is infinitely 
heavy, it acts as a static color source to which the 
light quark is bound. The extension of our light 
meson calculations to such a heavy-light system 
is straightforward and since the static source does 
not propagate, no new parameters appear in the 
Hamiltonian for such a system |15|. 


The numerical values for the moments indicate 
a larger momentum scale compared to other cal¬ 
culations. This result is consistent with a rather 
large value of the B-meson ‘binding energy’ A « 

“^The error bars include only the estimated error from the 
numerical extrapolation to the heavy quark limit and the 
truncation of the Hilbert space, but not the systematic 
errors from the extrapolation in the Fock space and the 
transverse lattice spacing. 







5 



.00 - 


1.0 


—I— 

1.1 


1.2 1.3 

(v.V) 


1.4 


1.5 


Figure 5. Isgur-Wise form factor (||) in the heavy 
quark limit compared to experimental data 0 - 


0.9 — 1.0 GeV obtained from the same transverse 
lattice eigenstates by calculating the expectation 
value of the momentum of all light degrees of 
freedom in the B meson. We expect that includ¬ 
ing more Fock components will lead to a lowering 
of A. 

An important observable in B-physics is the 
Isgur-Wise (IW) form factor, because of its use 
in the extraction of the CKM matrix element 14c 
from decays like B D*li/. We work in the limit 
me, rub —> oo, where {B'\irf^b\B), {D*\c'y^b\B) 
are all described by the same universal form factor 

{B'\bj^b\B) = niB v^) F(v ■ v') (4) 

For mb,mc ^qcd, heavy quark pair creation 
is suppressed, i.e. relevant matrix element is diag¬ 
onal in Fock space and an overlap representation 
exists for F{v ■ v') 

F{v ■ v') = F^'^\v ■ v') + F^^\v ■ v'), (5) 


where 




F^^^x) = 


2 — X 
2 1 


( 6 ) 


2 - X a/1 - : 


:E 


dz 


dw'ipsiz,w)'ip* 


z — X w 


1 — X 1 — X 


Here, 'ijjs{z) and ipsizjw) are the wave functions 


in the 2 and 3 particle Fock component and s 
represents the spin/orientation labels. 

Numerical results for the shape of the IW form 
factor, obtained from our numerically determined 
eigenstates on the _L lattice are consistent with 
experimental results. 
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